An Action for Extended String Newton-Cartan Gravity by Bergshoeff, Eric et al.
ar
X
iv
:1
81
0.
09
38
7v
3 
 [h
ep
-th
]  
30
 Ja
n 2
01
9
An Action for Extended String Newton-Cartan Gravity
Eric A. Bergshoeff a, Kevin T. Grosvenor b, Ceyda S¸ims¸ek a, Ziqi Yan c
aVan Swinderen Institute, University of Groningen
Nijenborgh 4, 9747 AG Groningen, The Netherlands
bInstitut fu¨r Theoretische Physik und Astrophysik,
Julius-Maximilians-Universita¨t Wu¨rzburg,
Am Hubland, 97074 Wu¨rzburg, Germany
cPerimeter Institute for Theoretical Physics
31 Caroline St N, Waterloo, ON N2L 6B9, Canada
E-mail: E.A.Bergshoeff@rug.nl, kevinqg1@gmail.com,
c.simsek@rug.nl, zyan@pitp.ca
October 22 2018
ABSTRACT
We construct an action for four-dimensional extended string Newton-Cartan gravity which is an
extension of the string Newton-Cartan gravity that underlies nonrelativistic string theory. The action
can be obtained as a nonrelativistic limit of the Einstein-Hilbert action in General Relativity augmented
with a term that contains an auxiliary two-form and one-form gauge field that both have zero flux
on-shell. The four-dimensional extended string Newton-Cartan gravity is based on a central extension
of the algebra that underlies string Newton-Cartan gravity.
The construction is similar to the earlier construction of a three-dimensional Chern-Simons action
for extended Newton-Cartan gravity, which is based on a central extension of the algebra that underlies
Newton-Cartan gravity. We show that this three-dimensional action is naturally obtained from the
four-dimensional action by a reduction over the spatial isometry direction longitudinal to the string
followed by a truncation of the extended string Newton-Cartan gravity fields. Our construction can
be seen as a special case of the construction of an action for extended p-brane Newton-Cartan gravity
in p+ 3 dimensions.
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1 Introduction
String Newton-Cartan (NC) gravity is an extension of NC gravity. In NC gravity, there is a one-
dimensional foliation direction of NC spacetime corresponding to the absolute time direction longitu-
dinal to the worldline of a particle. In string NC gravity, this one-dimensional foliation structure is
replaced by a two-dimensional foliation with the two (timelike and spatial) foliation directions longi-
tudinal to the world-sheet of a string. String NC gravity is the nonrelativistic gravity that naturally
arises in the context of nonrelativistic string theory [1,2]. 1 It also arises in the study of nonrelativistic
holography with nonrelativistic gravity in the bulk where it could be used to probe nonrelativistic
conformal field theories (CFTs) at the boundary with (an infinite extension of) Galilean conformal
symmetries [9].
The transformation rules and equations of motion of string NC gravity in any dimension can be
obtained by taking a nonrelativistic limit of the transformation rules and Einstein equations of General
Relativity augmented with a zero-flux two-form gauge field Bˆµν [1, 10].
2 This same two-form gauge
field couples to the string via a Wess-Zumino (WZ) term when taking the nonrelativistic limit of
string theory. This WZ term is crucial to cancel infinities that otherwise would arise when taking
the nonrelativistic limit of string theory [1]. 3 Taking the nonrelativistic limit of the off-shell Einstein-
Hilbert term, one again obtains divergent terms. Unlike the on-shell case, these divergent terms
cannot be cancelled by making use of a two-form gauge-field alone. Using a first-order formulation,
we will show in this work that, in four-dimensional spacetime, the divergent terms that arise from the
Einstein-Hilbert term can be cancelled by adding the following BF term to the Einstein-Hilbert term
that contains not only the two-form gauge field Bˆµν but also an additional one-form gauge field Aˆµ:
Sˆ =
1
2κ2
∫
d4x
(
Eˆ Rˆ− ǫµνρσBˆµν∂ρAˆσ
)
. (1)
1In this paper we consider a nonrelativistic string theory that is nonrelativistic in the target space but relativistic
on the worldsheet. For other recent work on nonrelativistic strings, see [3–8]. In [6–8], for zero torsion, a specific
truncation of the string NC gravity in the target space was considered, which leads to NC gravity in one dimension
lower, supplemented with an extra worldsheet scalar parametrizing the spatial foliation direction.
2We denote relativistic fields with a hat to distinguish them from the nonrelativistic fields that will be introduced
later.
3Ignoring boundary conditions this WZ term is a total derivative. Including boundary conditions the WZ term is
essential to obtain string winding modes in the spectrum of the nonrelativistic string [1]. Independent of this, the
two-form gauge field is also crucial to derive the off-shell transformation rules of string NC gravity as a limit of those of
General Relativity [10].
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Here κ is the gravitational coupling constant, Rˆ is the Ricci scalar and Eˆ is the determinant of
the Vierbein field Eˆµ
Aˆ. Both gauge fields have zero flux on-shell. They transform under gauge
transformations with parameters ηˆµ and ζˆ as follows:
δBˆµν = ∂µηˆν − ∂ν ηˆµ , δAˆµ = ∂µζˆ . (2)
The Vierbein and the independent spin-connection Ω transform under Lorentz transformations in the
usual way
δEˆµ
Aˆ = ΛˆAˆ
Bˆ
Eˆµ
Bˆ , δΩˆµ
AˆBˆ = ∂µΛˆ
AˆBˆ − 2Ωˆµ
[Aˆ
Cˆ
ΛCˆBˆ] . (3)
All fields transform as tensors under general coordinate transformations with parameters Ξˆµ.
Due to the presence of the additional gauge field Aˆµ needed to write down the second term in the
action eq. (1) one obtains, after taking the limit, not an action for string NC gravity but for a different
nonrelativistic gravity theory which we call Extended String Newton-Cartan (ESNC) gravity. This
ESNC gravity theory is based on a central extension of the algebra that underlies string NC gravity.
We will call this extended algebra the ESNC algebra.
The above construction of a four-dimensional action for ESNC gravity is similar to an earlier
construction of three-dimensional extended NC gravity 4 [11–13]. The main difference is that in the
three-dimensional case one defines a limit leading to a one-dimensional foliation and the two-form gauge
field gets replaced by a one-form gauge field Bˆµ leading to the following three-dimensional analogue of
the four-dimensional action eq. (1):
Sˆ =
1
2κ2
∫
d3x
(
Eˆ Rˆ− ǫµνρBˆµ∂νAˆρ
)
. (4)
The common feature between the 3D and 4D actions is that the extra term we add to the Einstein-
Hilbert term contains a p-form Bˆµ1···µp+1 that naturally couples to a p-brane and a vector Aˆµ repre-
senting a central extension of the underlying algebra. Clearly, such a term can only be written down
in p+ 3 dimensions which is precisely the dimension in which a p-brane has two transverse directions.
In this work we will derive the transformation rules of the ESNC gravity fields and their curvatures
by gauging the ESNC algebra. A standard part of this gauging procedure is to impose a set of so-called
conventional curvature constraints expressing some of the gauge fields in terms of a set of indepen-
dent fields. Usually, one imposes a maximal set of constraints in order to make the resulting theory
irreducible. We will not do so here since we will take the nonrelativistic limit of first-order general
relativity leading to a first-order nonrelativistic action whose equations of motion will automatically
lead to a set of curvature constraints. It turns out that these curvature constraints are not identical to
the maximal set of conventional constraints one could impose. As a consequence of this, we will find
that not all components of the boost spin-connection fields can be solved for.
It is instructive to contrast this situation with first-order general relativity described by the action
Sˆ =
1
2κ2
∫
d4x Eˆ Rˆ(Ωˆ) . (5)
In that case the equations of motion of the independent spin-connection fields yield precisely the
maximum set of 24 constraints on the curvatures corresponding to the spacetime generators Pˆ that
one imposes in the gauging procedure:
Rˆµν
Aˆ(Pˆ ) = 0 . (6)
These 24 curvature constraints can be used to solve for all 24 components of the spin-connection fields
ΩˆµAˆBˆ. In the relativistic case, there are no geometrical constraints, i.e. constraints on the independent
timelike Vierbein fields. In contrast, we find that in the nonrelativistic case the components of the boost
spin-connection fields that remain independent occur as Lagrange multipliers in the nonrelativistic
4This three-dimensional extended NC gravity is referred to as the “extended Bargmann gravity” in [12].
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action imposing some (but not all) of the geometric constraints of ESNC gravity. 5 This is very similar
to what happens in the case of the so-called Carroll and Galilei gravity theories [14].
Our work should be contrasted with the Post-Newtonian (PN) approximation to general relativity
where one expands the Vielbein in powers of the speed of light c without introducing additional gauge
fields like we do in this work. In particular, it has been recently shown that a large c expansion
of general relativity coupled to matter can give rise to torsional NC gravity [15] and nonrelativistic
actions [16]. The difference with this work is that in the PN approximation one considers truncations
and general relativity coupled to (uncharged) matter whereas in this work we take a limit that is
appropriate when considering sourceless (ignoring back-reaction) Einstein equations or string actions
with the string charged under a two-form gauge field.
The organization of this work is as follows. In section 2 we will derive the transformation rules and
curvatures of the independent gauge fields by gauging the 4D ESNC algebra. These ingredients will be
needed to describe the 4D ESNC gravity theory. In section 3, we will consider the relativistic action
eq. (1) containing the extra two-form and one-form gauge fields. First, we will show how an action for
the 4D ESNC gravity theory can be obtained by taking the nonrelativistic limit of the action eq. (1).
Next, we will show how the nonrelativistic rules we derived in the previous section can be obtained by
taking the limit of the relativistic transformations rules. In the same section we will obtain the second-
order formulation of the 4D ESNC gravity theory and present the equations of motion. In section 4, we
will show how, by truncation, the ESNC algebra is related to the 3D algebra that underlies extended
NC gravity. Furthermore, we will show how the action describing 4D ESNC gravity reduces to the
3D nonrelativistic action for extended NC gravity given in [12, 13]. We will also briefly discuss the
possibility of further extending the ESNC algebra. Finally, in section 5 we will discuss several issues
that follow from our results. In appendix A we will present the maximal set of conventional constraints
that one can impose when gauging the ESNC algebra without requiring an action. In appendix B we
will discuss the generalization of ESNC to an extended p-brane NC algebra in p + 3 dimensions. In
appendix C we will show that, although there is an action principle for the ESNC gravity theory, the
corresponding ESNC algebra does not allow a nondegenerate symmetric invariant bilinear form.
2 Gauging the 4D Extended String Newton-Cartan Algebra
We start by writing down the symmetries and generators of the 4D extended string Newton-Cartan
algebra. For this purpose we split the flat index Aˆ of General Relativity into an index A (A = 0, 1)
longitudinal to the string and an index A′ (A′ = 2, 3) transverse to the string.
In [17, 18] it has been shown that the underlying algebra of string NC gravity is an extension of
the string Galilei algebra that includes the non-central extensions ZA and Z . In this paper, we will
refer to this extended string Galilei algebra as the string Newton-Cartan algebra, which conveniently
implies that this is the algebra that underlies string NC gravity. It turns out that the 4D string NC
algebra allows an additional central extension whose generator we denote by S. This central extension
is the analogue of the second central extension of the 3D Bargmann algebra [19]. 6 7 We thus end up
with the following symmetries and corresponding generators:
longitudinal translations HA
transverse translations PA′
longitudinal Lorentz transformations M
string Galilei boosts GAA′
5The remaining geometric constraints are obtained by varying the central extension gauge field, see the second-order
nonrelativistic action eq. (39).
6The physics behind this central extension, in particular its relation to (anyon) spin, has been discussed in [20, 21].
7Following the logic of referring to the algebra underlying string NC gravity as the string NC algebra, we refer to the
Bargmann algebra that underlies NC gravity as the the “Newton-Cartan algebra.” See section 4.
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spatial rotations J
non-central extensions ZA and Z
central extension S
We use the following terminology for the algebras that are formed by different sets of the above
generators:
1. String Galilei algebra consists of the generators HA , PA′ ,M ,GAA′ and J .
2. String Newton-Cartan algebra is a noncentral extension of string Galilei algebra that includes
the generators ZA and Z . This algebra underlies string NC gravity.
3. Extended String Newton-Cartan (ESNC) algebra is a central extension of the 4D string NC
algebra in four dimensions that includes the generator S . This algebra underlies ESNC gravity.
We emphasize that the string Galilei algebra and the string NC algebra exist in any dimension, but
that the ESNC algebra only exists in four dimensions.
The non-zero commutators among the generators of the ESNC algebra are given by8
[HA,M ] = ǫA
BHB , [HA, GBA′ ] = ηABPA′ , (7a)
[PA′ , J ] = ǫA′
B′PB′ , [GAA′ ,M ] = ǫA
BGBA′ , (7b)
[GAA′ , J ] = ǫA′
B′GAB′ , (7c)
and
[GAA′ , PB′ ] = δA′B′ZA , (7d)
[GAA′ , GBB′ ] = δA′B′ǫABZ + ǫA′B′ηABS ; (7e)
[ZA,M ] = ǫA
BZB , [HA, Z] = ǫA
BZB . (7f)
We have taken the following convention for the Levi-Civita symbols:
ǫ01 = −ǫ10 = ǫ23 = −ǫ32 = 1 . (8)
The index A can be raised by using the Minkowskian metric
ηAB =
(
−1 0
0 1
)
, (9)
and the index A′ can be raised by the Kronecker symbol δA
′B′ .
We introduce a Lie algebra valued gauge field Θµ that associates to each of the generators of the
ESNC algebra a corresponding gauge field as follows:
Θµ = HAτµ
A + PA′Eµ
A′ +GAA′Ωµ
AA′ +MΣµ + JΩµ + ZAmµ
A + Znµ + Ssµ . (10)
Note that Σµ is the longitudinal spin-connection while Ωµ is the transverse spin-connection. Consid-
ering the symmetries, we ignore the (longitudinal and transverse) translations and, instead, declare
that all gauge fields transform as covariant vectors under reparametrizations with parameter ξµ(x). 9
Under the remaining gauge transformations
δΘµ = ∂µΛ− [Θµ,Λ] , (11)
8In appendix B we will show that there is a natural p-brane generalization of the ESNC algebra in p+ 3 dimensions.
9The reason for doing this is that in the next section we will take the nonrelativistic limit of general relativity in
a first-order formulation. The 4D Einstein-Hilbert action in such a first-order formulation is invariant under Lorentz
transformations and general coordinate transformations only [22].
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with
Λ = GAA′λ
AA′ +Mλ+ Jλ′ + ZAσ
A + Zσ + Sρ , (12)
the (independent) gauge fields transform as follows:
δτµ
A = λ ǫABτµ
B , δEµ
A′ = −λA
A′τµ
A + λ′ǫA
′
B′Eµ
B′ , (13a)
δΣµ = ∂µλ , δΩµ = ∂µλ
′ , (13b)
δΩµ
AA′ = ∂µλ
AA′ − ǫABλ
BA′Σµ − ǫ
A′
B′λ
AB′Ωµ + λ ǫ
A
BΩµ
BA′ + λ′ ǫA
′
B′Ωµ
AB′ , (13c)
δnµ = ∂µσ + ǫABλ
AA′Ωµ
BA′ , (13d)
δsµ = ∂µρ+ ǫA′B′λ
AA′ΩµA
B′ , (13e)
δmµ
A = ∂µσ
A − ǫABσ
BΣµ + λ ǫ
A
Bmµ
B + λAA
′
EµA′ + ǫ
A
Bτµ
Bσ . (13f)
The curvature two-form Fµν associated with Θµ is
Fµν = ∂µΘν − ∂νΘµ − [Θµ,Θν ]
= HARµν
A(H) + PA′Rµν
A′(P ) +GAA′Rµν
AA′(G) +MRµν(M) + JRµν(J)
+ ZARµν
A(Z) + ZRµν(Z) + SRµν(S) , (14)
with the expressions for the curvature two-forms given by
Rµν
A(H) = 2
(
∂[µτν]
A + ǫABτ[µ
BΣν]
)
, (15a)
Rµν
A′(P ) = 2
(
∂[µEν]
A′ + ǫA
′
B′E[µ
B′Ων] − τ[µ
AΩν]A
A′
)
, (15b)
Rµν
A(Z) = 2
(
∂[µmν]
A + ǫABm[µ
BΣν] + ǫ
A
Bτ[µ
Bnν] + E[µ
A′Ων]
A
A′
)
(15c)
Rµν(M) = 2∂[µΣν] , (15d)
Rµν(J) = 2∂[µΩν] , (15e)
Rµν
AA′(G) = 2
(
∂[µΩν]
AA′ + ǫABΩ[µ
BA′Σν] + ǫ
A′
B′Ω[µ
AB′Ων]
)
, (15f)
Rµν(Z) = 2∂[µnν] − ǫABΩ[µ
AA′Ων]
B
A′ , (15g)
Rµν(S) = 2∂[µsν] − ǫA′B′Ω[µ
AA′Ων]A
B′ . (15h)
At this stage one usually imposes a maximal set of so-called conventional curvature constraints in
order to obtain an irreducible gauge theory. More precisely, one sets all curvatures equal to zero that
contain terms of the form gauge field times a timelike Vierbein τµ
A or a spacelike Vierbein Eµ
A′ . Since
these Vierbeine are invertable 10 this allows one to solve for (some of the components of) the gauge
fields that multiply these Vierbeine in terms of the other terms that are contained in the expression of
the curvature. However, we will find that imposing such a maximal set of constraints is not consistent
with the existence of an action. For this reason, we will first construct in the next section a first-order
nonrelativistic action and next impose only those curvature constraints that follow from the variation
of this action. For completeness and to compare, we will give the details of the irreducible gauging
(without an action) in appendix A.
3 The Action
Our starting point is the first-order action eq. (1) containing the sum of the Einstein-Hilbert term
and a term containing a two-form and one-form gauge field. Before taking the nonrelativistic limit
10See eq. (26) in the next section for the definition of the inverses.
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of this action, we first wish to define an expansion of the relativistic fields occurring in the action
eq. (1) in terms of the nonrelativistic ESNC fields defined in the previous section such that the correct
transformation rules are reproduced. This leads us to define the following expansion in terms of a
parameter ω which later will be taken to infinity:
Eˆµ
A = ωτµ
A +
1
ω
mµ
A , Eˆµ
A′ = Eµ
A′ , (16a)
Σˆµ = Σµ +
1
ω2
nµ , Ωˆµ
AA′ =
1
ω
Ωµ
AA′ , Ωˆµ = Ωµ −
1
ω2
sµ , (16b)
Aˆµ = Ωµ , Bˆµν = ω
2 ǫABτµ
Aτν
B , (16c)
where we have written Aˆ = (A,A′) with (A = 0, 1;A′ = 2, 3) and
Ωˆµ
AB = ǫABΣˆµ , Ωˆµ
A′B′ = ǫA
′B′Ωˆµ . (17)
Finally, we expand the relativistic symmetry parameters as follows: 11
Λˆ = λ−
1
ω2
σ , ΛˆAA
′
=
1
ω
λAA
′
, Λˆ′ = λ′ +
1
ω2
ρ , (19a)
ηˆµ = ǫABτµ
AσB , ζˆ = λ′ , (19b)
where we have written
ΛˆAB = ǫABΛˆ and ΛˆA
′B′ = ǫA
′B′ Λˆ′ . (20)
First, we substitute the expansion eq. (16) into the action eq. (1). To simplify the calculation, it
is convenient to work with the following formulation of the action that avoids the explicit appearance
of inverse Vierbein fields: 12,13
Sˆ =
1
2κ2
∫
d4x
(
1
4
ǫµνρσǫ
AˆBˆCˆDˆ
Eµ
AˆEν
BˆRˆ CˆDˆρσ (Ωˆ)− ǫ
µνρσBˆµν∂ρAˆσ
)
. (21)
For ǫµνρσ we choose the convention ǫ0123 = 1 and for ǫ
AˆBˆCˆDˆ
we choose the convention ǫ0123 = 1 . After
a straightforward calculation, we find that all divergent terms proportional to ω2 cancel and that the
remaining expression, after taking the limit ω → ∞, is given by the following nonrelativistic action
describing the ESNC gravity theory:
S =
1
2κ2
∫
d4x ǫµνρσ
[
− 12ǫA′B′Eµ
A′Eν
B′Rρσ(M)− ǫABǫA′B′τµ
AEν
A′Rρσ
BB′(G)
+ ǫABτµ
Amν
BRρσ(J)−
1
2ǫABτµ
Aτν
BRρσ(S)
]
. (22)
We note that the non-central extension gauge field nµ does not occur in the action. Nevertheless, the
action (22) is invariant under the corresponding gauge transformation, with parameter σ, under which
the gauge field mµ
A transforms non-trivially, see eq. (13).
Next, we substitute the expansions eqs. (16) and (19) into the relativistic transformation rules
eq. (2) and eq. (3). This leads to the following equations for the nonrelativistic transformation rules
11Strictly speaking, we should also expand the g.c.t. parameters:
Ξˆµ = ξµ +
1
ω2
σµ . (18)
We find that under reparametrizations with parameter ξµ all nonrelativistic fields transform as covariant vectors and
that the next-order parameter σµ does not contribute.
12The inverse Vierbein fields will be needed later in the second-order formulation when we solve for the connection
fields.
13The first term can be viewed as a constrained BF term that is central in the Plebanski formulation of general
relativity [23], see, e.g., [24].
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for finite ω:
ωδτµ
A +
1
ω
δmµ
A = ωλ ǫABτµ
B +
1
ω
(
λ ǫABmµ
B + λAA
′
EµA′ + ǫ
A
Bτµ
Bσ
)
, (23a)
δEµ
A′ = −λA
A′τµ
A + λ′ǫA
′
B′Eµ
B′ , (23b)
ω2ǫABτ[µ
Aδτν]
B =
1
2
Rµν
A(H)σB − ǫABτ[µ
ADν]σ
B , (23c)
δΩµ = ∂µλ
′ , (23d)
δΣµ +
1
ω2
δnµ = ∂µλ+
1
ω2
(
∂µσ + ǫABλ
AA′ΩBA′
)
, (23e)
1
ω
δΩµ
AA′ =
1
ω
(
∂µλ
AA′− ǫABλ
BA′Σµ− ǫ
A′
B′λ
AB′Ωµ+ λ ǫ
A
BΩµ
BA′+ λ′ ǫA
′
B′Ωµ
AB′
)
, (23f)
δΩµ −
1
ω2
δsµ = ∂µλ
′ −
1
ω2
(
∂µρ+ ǫA′B′λ
A′CΩµ
B′
C
)
. (23g)
In principle, it is straightforward to use these equations to solve for the different transformation
rules and take the limit ω →∞. However, there is a subtlety with deriving the nonrelativistic transfor-
mation rule of the gauge fieldmµ
A under the σA-transformations. One would like to combine eqs. (23a)
and (23c) to achieve this. However, the presence of the curvature term Rµν
A(H) forms an obstruc-
tion to derive the transformation (for finite ω) of τµ
A under σA-transformations and this is needed in
eq. (23a) to derive the transformation of mµ
A under σA-transformations. What helps to resolve this
issue is that all Rµν
A(H) components correspond to equations of motion of the nonrelativistic action
eq. (22). Assuming that Rµν
A(H) = 0, we would derive the following transformation rule of mµ
A:
δmµ
A = ∂µσ
A − ǫABσ
BΣµ . (24)
Since in the off-shell nonrelativistic action we cannot use that Rµν
A(H) = 0 , this transformation rule
will not leave the action invariant by itself but violate it by terms that are proportional to Rµν
A(H).
However, because all components of Rµν
A(H) are equations of motion, it is guaranteed that we can
cancel all these terms by assigning appropriate transformation rules to the fields that give rise to these
equations of motion. A careful analysis of the nonrelativistic action eq. (22) shows that the fields below
have the following transformations under the σA-transformations:
δsA = RAB(J)σ
B , δsA′ =
1
2RA′B(J)σ
B , (25a)
δΩA′
AA′ = − 12ǫ
A′B′RA′B′(J)σ
A , δΩ(AB)
A′ − trace = ǫA
′B′RB′(A(J)σB) − trace , (25b)
δΩ[AB]
A′ = ǫA
′B′RB′[A(J)σB] , δΣA = −
1
2ǫAB δΩA′
BA′ , (25c)
where the trace is taken over the longitudinal (AB) indices. We have used here the nonrelativistic
inverse fields τµA and E
µ
A , which are defined by the following relations:
Eµ
A′EµB′ = δ
A′
B′ , Eµ
A′EνA′ = δ
ν
µ − τµ
AτνA , τ
µ
Aτµ
B = δBA ,
τµAEµ
A′ = 0, τµ
AEµA′ = 0 . (26)
Furthermore, we have used the following simplified notation: when a spacetime index is contracted
with the spacetime index of an (inverse) Vielbein field (with no derivatives acting on it), we replace
this spacetime index with the flat index of this (inverse) Vielbein field. For example,
RAB(J) = τ
µ
Aτ
ν
BRµν(J) . (27)
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We can further rewrite the equations (25) as
δΣµ = −
1
2 τµ
AσBǫABR(J) , (28a)
δsµ =
1
2
[
τµ
AσBRAB(J) + σ
BRµB(J)
]
, (28b)
δΩµ
AA′ = τµ
BǫA
′B′
[
σARB′B(J)−
1
2σ
CδAB RB′C(J)
]
+ 12Eµ
A′σAR(J) , (28c)
where we have defined RA′B′(J) = ǫA′B′R(J).
Having resolved this subtlety, one obtains, after taking the limit ω → ∞, precisely the nonrela-
tivistic transformation rules eq. (13) derived in the previous section 14 with all fields independent. 15
As a consistency check one may verify that the action eq. (22) is invariant under these nonrelativistic
transformations.
The action eq. (22) provides a first-order formulation of the 4D ESNC gravity theory. In order to
go to a second-order formulation we consider those equations of motion that give rise to conventional
constraints on the curvatures. For this, we only need to vary the spin-connection fields Σµ,Ωµ
AA′ and
Ωµ in the first three terms. We do not vary the central charge gauge field sµ in the last term since
that variation would lead to the 4 geometric constraints
ǫABτ[µ
A∂ντρ]
B = 0 (2 + 2) or τA′A
A = 0 (2) and τA′B′A = 0 (2) , (29)
where we have defined
τµν
A ≡ ∂[µτν]
A . (30)
The numbers in brackets in eq. (29) indicate the number of constraints.
As it turns out, not all components of Ωµ
AA′ lead to conventional constraints. These are precisely
the components that remain independent and cannot be solved for in terms of the Vierbein fields. To
be concrete, the variation of the 4 components defined by
WAB
A′ ≡ Ω(AB)
A′ − trace (4) (31)
leads to the 4 geometric constraints
τA′(AB) − trace = 0 (4) . (32)
We will therefore not vary these 4 components. Finally, combining eqs. (29) and (32), we obtain in
total 8 geometric constraints that can be written as follows:
τA′(AB) = 0 (6) , τA′B′A = 0 (2) . (33)
Varying the remaining 20 components of the spin-connection fields Σµ(4) ,Ωµ(4) and Ωµ
AA′(16−
4 = 12), we obtain the following constraints:
ǫA′B′E[µ
A′Rνρ]
B′(P ) = 0 (4) , (34a)
ǫAB
[
m[µ
ARνρ]
B(H) + τµ
ARνρ
B(Z)
]
= 0 (4) , (34b)
E[µ
A′Rνρ]
A(H)− τ[µ
ARνρ]
A′(P )− ‘projection’ = 0 (12) . (34c)
By ‘projection’ in eq. (34c) we mean that the field equations that correspond to the variation ofWAB
A′
are not included. 16 The above 20 constraints are all conventional and can be used to solve for the
14Except for the σA-transformations, see above.
15We cannot derive in this way the transformation rule of the non-central extension gauge field nµ. This transformation
rule will not be needed since the action eq. (22) is independent of nµ.
16 These components are most easily identified by first multiplying equation (34c) with ǫσµνρ so that the free indices
are σ,A and A′. One next converts the free σ-index into a free flat index B such that the free flat indices are A,B and
B′. Finally, one subtracts the trace in the longitudinal indices A and B.
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following 20 spin-connection components:
Σµ = ǫ
AB
(
τµAB −
1
2τµ
CτABC
)
+∆µ(Σ) (4) , (35a)
Ωµ = ǫ
A′B′
(
−EµA′B′ +
1
2Eµ
C′EA′B′C′ +
1
2τµ
AΩA′AB′
)
+∆µ(Ω) (4) , (35b)
Ωµ
AA′ = −Eµ
AA′ + EµB′E
AA′B′ +mµ
A′A + τµBm
AA′B + τµBW˜
ABA′ +∆µ
AA′(Ω) (12) , (35c)
where the components W˜ABA
′
are related to the components WAB
A′ defined in eq. (31) as follows:
W˜AB
A′ ≡WAB
A′ + 2
(
mA
′
(AB) − trace
)
−
(
∆(AB)
A′(Ω)− trace
)
. (36)
In the above equations we have used the definitions
Eµν
A ≡ ∂[µEν]
A′ , mµν
A ≡ ∂[µmν]
A + ǫABm[µ
BΣν] . (37)
The ∆-terms are torsion contributions to the spin-connections given by
∆µ(Σ) = 0 , (38a)
∆µ(Ω) =
1
2ǫ
A′B′RA′A
A(H)EµB′ , (38b)
∆µ
AA′(Ω) = 12τµB
(
2RAA
′[B(H)mC
C] + ηABRC
A′[D(H)mD
C] +RCA′
C(H)m[AB]
)
+RµA′
[A(H)mB
B] −RµB
[A(H)m|A
′|B] −RB
A′[A(H)mµ
B] . (38c)
These torsion terms will vanish once the geometric constraints are imposed. Substituting the expres-
sions eq. (35) for the spin-connections back into the action eq. (22) we obtain the following second-order
formulation of the 4D ESNC gravity theory:
S =
1
2κ2
∫
d4x ǫµνρσ
[
− 12ǫA′B′Eµ
A′Eν
B′Rρσ(M)− ǫABǫA′B′τµ
AEν
A′R′ρσ
BB′(G) + ǫABτµ
Amν
BRρσ(J)
− 2ǫABǫA′B′τµ
AEν
A′∂ρ(τσCW
BCB′)− 12ǫABτµ
Aτν
BRρσ(S)
]
. (39)
It is now understood that all three spin-connection fields are dependent and given by the expressions
eq. (35). The prime in the boost curvature R(G) indicates that we have left out the independent
spin-connection components WAB
A′ . They appear as a separate term in the second line of eq. (39).
Finally, given the above second-order action eq. (39), the equations of motion can be obtained by
varying the independent fields {τµ
A, Eµ
A′ ,mµ
A} together with the independent Lagrange multipliers
{WAB
A′ , sµ}. The Lagrange multipliers occur in the second line of eq. (39) and give rise to the 8
geometric constraints given in eq. (33). As a consequence, all ∆-terms in eq. (35) vanish. Using the
resulting simplified expressions for the spin-connections, the equations of motion corresponding to the
independent fields {τµ
A, Eµ
A′ ,mµ
A} are respectively given by
ǫA′B′E[µ
A′Rρσ]
AB′(G)−m[µ
ARνρ](J) + τ[µ
ARνρ](S) = 0 , (40a)
E[µ
A′Rνρ](M)− ǫABτ[µ
ARνρ]
BA′(G) = 0 , (40b)
τ[µ
ARνρ](J) = 0 . (40c)
The above equations are a generalization of the usual Newton-Cartan equations of motion. They do
not describe any momentum mode that could replace the graviton of general relativity. Instead, they
describe the (instantaneous) gravitational interaction between massive objects. For instance, in the
case of string NC gravity, similar equations describe the instantaneous gravitational attraction between
the wound strings that occur in the spectrum of a non-relativistic string [1].
This concludes our discussion of the 4D ESNC gravity theory.
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4 Relation to 3D Extended Newton-Cartan Gravity
In this section we discuss the relation between the present work and earlier work in three dimensions
[12, 13]. By taking a dimensional reduction along the longitudinal spatial direction (A = 1) followed
by a truncation setting some of the generators equal to zero, see eq. (42), the 4D ESNC algebra eq. (7)
reduces to the 3D algebra that underlies the 3D extended NC gravity [12, 13].
The dimensional reduction and truncation can be done by using the following prescriptions:
ηAB →
(
−1 0
0 0
)
, (41)
and
H0 → H¯ , H1 → 0 , PA′ → P¯A′ ; (42a)
G0A′ → G¯A′ , G1A′ → 0 , M → 0 , J → J¯ ; (42b)
Z → 0 , Z0 → Z¯ , Z1 → 0 , S → −S¯ . (42c)
where the barred generators correspond to the symmetries of the reduced 3D algebra as follows:
time translations H¯
transverse translations P¯A′
Galilei boosts G¯A′
spatial rotations J¯
central extensions Z¯, S¯
We use the following terminology for the algebras that are formed by different sets of the above
generators:
1. Galilei algebra consists of the generators H¯ , P¯A′ , G¯A′ and J¯ .
2. Newton-Cartan algebra is a central extension of the Galilei algebra that includes the generator
Z¯ . This algebra underlies NC gravity. In the literature, this NC algebra is usually referred to as
the Bargmann algebra.
3. Extended Newton-Cartan algebra is a central extension of the 3D NC algebra that includes
the generator S¯ . This algebra underlies extended NC gravity. Note that in [12] a different
terminology is used. There, the extended NC algebra is referred to as the extended Bargmann
algebra and the extended NC gravity is referred to as the extended Bargmann gravity.
We emphasize that the Galilei and NC algebras exist in any dimension, but that the extended NC
algebra only exists in three dimensions.
As a result, the ESNC algebra eq. (7) reduces to
[G¯A′ , H¯ ] = P¯A′ , [P¯A′ , J¯ ] = ǫA′
B′ P¯B′ , [G¯A′ , J¯ ] = ǫA′
B′G¯B′ ; (43a)
[G¯A′ , P¯B′ ] = δA′B′ Z¯ , [G¯A′ , G¯B′ ] = ǫA′B′ S¯ . (43b)
This matches the extended NC algebra introduced in [12, 13].
We can perform a similar dimensional reduction and truncation of the action eq. (22) along the
longitudinal spatial y-direction which we take to be an isometry direction. Using the adapted coordi-
nate system xµ = (xi , y) , i = 0 , 2 , 3 we have the following reduction and truncation of the various
fields:
Ey
A′ → 0 , mi
0 → m¯i , mi
1 , my
A → 0 ; (44a)
τy
1 → 1 , τi
0 → τ¯i , τi
1 , τy
0 → 0 . (44b)
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The gauge field sµ reduces to
sy → 0 , si → −s¯i . (45)
Moreover, the spin connections reduce to
Ωi → Ω¯i , Ωi
0A′ → Ω¯i
A′ , Σµ , Ωy , Ωy
0A′ , Ωµ
1A′ → 0 . (46)
From this it follows that the various curvature two-forms reduce to
Rij(M)→ 0 , (47a)
Rij(J)→ R¯ij(J¯) = 2
(
∂[iE¯j]
A′ + ǫA
′
B′E¯[i
B′Ω¯j] + τ¯[iΩ¯j]
A′
)
, (47b)
Rij
0A′(G)→ R¯ij
A′(G¯) = 2
(
∂[iΩ¯j]
A′ + ǫA
′
B′Ω¯[i
B′Ω¯j]
)
, (47c)
Rij
1A′(G)→ 0 , (47d)
Rij(S)→ −R¯ij(S¯) = −2∂[is¯j] + ǫA′B′Ω¯[i
A′Ω¯j]
B′ . (47e)
Note that all curvature two-tensors with y indices vanish after dimensional reduction. It then follows
that the 4D ESNC gravitational action eq. (22) dimensionally reduces to
S =
1
2κ2
∫
dy
∫
d3x ǫyijk
[
ǫA′B′Ei
A′R¯jk
B′(G¯)− m¯iR¯jk(J¯)− τ¯iR¯jk(S¯)
]
. (48)
Hence, we find that the 3D action is given by
S =
k
4π
∫
d3x ǫijk
[
ǫA′B′Ei
A′R¯jk
B′(G¯)− m¯iR¯jk(J¯)− τ¯iR¯jk(S¯)
]
, (49)
where k is the Chern-Simons level.
To match with the conventions in [12], one needs to redefine the Galilean boost generator GA′ as
G¯A′ → −ǫA′
B′G¯B′ . (50)
Then, the commutation relations eq. (43) become
[H¯ , G¯A′ ] = −ǫA′
B′ P¯A′ , [J¯ , P¯A′ ] = −ǫA′
B′P¯B′ , [J¯ , G¯A′ ] = −ǫA′
B′G¯B′ , (51a)
[G¯A′ , P¯B′ ] = ǫA′B′Z¯ , [G¯A′ , G¯B′ ] = ǫA′B′ S¯ . (51b)
Furthermore, we need to redefine
Ω¯i
A′ → −ǫA
′
B′Ω¯i
B′ . (52)
Consequently,
R¯ij
A′(G¯)→ −ǫA
′
B′R¯ij
A′(G¯) , (53)
where the definition of R¯ij
A′(G¯) does not change. From all this it follows that the action eq. (49) now
reads
S =
k
4π
∫
d3x ǫijk
[
Ei
A′R¯jkB′ (G¯)− m¯iR¯jk(J¯)− τ¯iR¯jk(S¯)
]
, (54)
which precisely equals eq. (5) in [12]. Here, the Levi-Civita symbol ǫijk is defined such that ǫ012 = 1 .
Before closing this section, we mention briefly some further extensions of the ESNC algebra eq. (7)
that one might consider. First, we introduce an extra generator SAB with SAB = SBA and η
ABSAB =
2S with S being the central charge generator we considered in this work. Then, the commutation
relation eq. (7e) is modified to be
[GAA′ , GBB′ ] = δA′B′ǫABZ + ǫA′B′SAB . (55)
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In order to close the algebra, one has to include a new commutation relation,
[SAB , M ] = ǫA
CSBC + ǫB
CSAC . (56)
Second, in addition to SAB , one may also include another generator SA by modifying eq. (7d) to be
[GAA′ , PB′ ] = δA′B′ZA + ǫA′B′SA . (57)
In order to close the algebra, one has to include two new commutation relations,
[SA , M ] = ǫA
BSB , (58a)
[HA , SBC ] = ηABSC + ηACSB . (58b)
In order to dimensionally reduce to three dimensions this new algebra that combines eqs. (7) and
(55) ∼ (57), we take
S0 → −Y¯ , S1 → 0 , SAB → −ηABS¯ . (59)
Then, the commutation relations eq. (43b) become
[G¯A′ , P¯B′ ] = ǫA′B′Z¯ − ǫA′B′ Y¯ , [G¯A′ , G¯B′ ] = ǫA′B′ S¯ . (60)
In addition, we have one other non-vanishing commutator,
[H¯ , S¯] = 2Y¯ . (61)
Together, these commutation relations give the algebra described in [13].
5 Conclusions
In this work we showed how an action can be constructed for the 4D string Newton-Cartan (NC)
gravity theory underlying nonrelativistic string theory provided an extra gauge field is introduced that
signals a central extension in the string NC algebra. We called this extended gravitational theory
Extended String Newton-Cartan (ESNC) gravity. The extra vector field is on top of the zero-flux
two-form gauge field that needs to be added to obtain a finite limit of the relativistic string worldsheet
action [1]. The vector and two-form gauge fields occur together in an extra term that needs to be added
to the Einstein-Hilbert term in order to obtain a finite limit of the relativistic target space action, see
eq. (1). It would be interesting to see whether, requiring conformal invariance of the worldsheet action
of 4D nonrelativistic string theory, leads to the equations of motion of string NC gravity (without an
action) or to its ESNC gravity version (with an action) that is discussed in this work.
Our results are a natural extension of earlier work in three dimensions [12, 13] where a Chern-
Simons (CS) action was constructed for the extended (particle) NC algebra. Indeed, we have shown
how the extended NC algebra can be obtained from the ESNC algebra by reduction and truncation
and how the 3D extended NC gravity action can be obtained from the 4D ESNC gravity action by a
reduction over the spatial longitudinal direction followed by a truncation. It is clear that our procedure
for constructing a nonrelativistic action can be generalized to general relativity in p + 3 dimensions
where the divergences originating from the Einstein-Hilbert term are cancelled by adding the following
term containing a (p+ 1)-form gauge field Bˆµ1···µp+1 and a one-form gauge field Aˆµ:
ǫµ1···µp+3Bˆµ1···µp+1∂µp+2Aˆµp+3 . (62)
The nonrelativistic limit leads to an action for extended p-brane NC gravity. The resulting nonrela-
tivistic actions in different dimensions are related to each other by a dimensional reduction over one
of the spatial isometry directions longitudinal to the p-brane followed by a truncation. It has been
13
shown that an alternative way to obtain the 3D extended NC gravity action is to start from the
Einstein-Hilbert action and to apply the technique of so-called Lie algebra expansions [25]. It would
be interesting to see whether, similarly, the higher-dimensional p-brane NC gravity actions can be
obtained by appropriate generalizations of such Lie algebra expansions.
The 4D action constructed in this work is an extension of a 3D CS action in the sense that all
terms in the first-order action eq. (22) are the wedge product of two one-form gauge fields with one
two-form curvature as opposed to a 3D CS action where all terms are wedge products of a single
one-form gauge field with a two-form curvature. The necessary condition for writing down a 3D CS
action is that the underlying algebra allows a non-degenerate symmetric invariant bilinear form. The
ESNC algebra does not possess such a bilinear form (see appendix C). Evidently, the non-existence
of a non-degenerate symmetric invariant bilinear form for the ESNC algebra is not an obstruction
to writing down an action of the form eq. (22). Instead, such an action requires the existence of a
particular trilinear form. Requiring the action to be gauge-invariant already leads to constraints on
this trilinear form. Another difference with the 3D case is that the 4D action is not invariant under the
P-translations of the algebra whereas in 3D the P-translations are on-shell equivalent to the general
coordinate transformations. It would be interesting to determine the minimum set of requirements
that must be met at the algebraic level in order to be able to write down a nonrelativistic gravity
action of the form eq. (22).
Having constructed an action for nonrelativistic gravity is one step further in investigating the
implications of nonrelativistic holography with nonrelativistic gravity in the bulk [9]. The price we
had to pay in order to write down an action was the introduction of an extra vector field corresponding
to a central extension in the algebra. It would be interesting to see how this extra vector field would
fit into the target space geometry of 4D nonrelativistic string theory or its variation. In the case of the
3D (particle) NC algebra, the central extension has been related to the occurrence of anyons in three
dimensions [20, 21]. What makes anyons possible in three dimensions is the fact that the transverse
rotation group of a 3D particle is Abelian. The same property has been used to show that the spectrum
analysis of 3D relativistic string theory does not follow the general pattern in arbitrary dimensions
but, instead, gives rise to anyonic particles in the spectrum [26]. Here, in the nonrelativistic case,
we are facing a similar situation with nonrelativistic strings in four dimensions where the rotation
group transverse to the string is Abelian. It would be interesting to see whether the general spectrum
analysis of nonrelativistic string theory [1] becomes special in four dimensions and could lead to extra
(winding) anyonic strings in the spectrum that are absent in the general analysis. Such extra states
could have important implications for the 3D boundary field theory such as the fractional quantum
Hall effect where anyons do play a role. For a recent discussion of anyonic strings in the bulk and
anyons/vortices at the boundary within a holographic context, see [27].
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A Irreducible Gauging
To obtain an irreducible gauge theory (without an action) we impose the following maximum set of 36
conventional constraints on the curvatures:
Rµν
A(H) = 0 (12) , (63a)
Rµν
A′(P ) = 0 (12) , (63b)
Rµν
A(Z) = 0 (12) , (63c)
where we have indicated the number of constraints between brackets. The first 12 constraints are
special in the sense that they are a mixture of 4 conventional constraints that are used to solve for the
4 components of the longitudinal spin-connection Σµ and the 8 geometric constraints given in eq. (33).
The remaining 24 = 12+12 constraints in eqs. (63b) and (63c) are used to solve for the 16 Galilean
boost spin connections Ωµ
AA′ , the 4 transverse spin-connections Ωµ and the 4 non-central extension
fields nµ that did not occur in the nonrelativistic action. The calculation of the explicit expressions of
the dependent gauge fields
{Σµ ,Ωµ
AA′ ,Ωµ , nµ} (64)
is identical to the one corresponding to the string NC algebra [10] since the extra generator S, being
a central extension, does not occur in the curvatures that are set to zero. For the convenience of the
reader we give the resulting expressions [10], 17
Σµ = ǫ
AB
(
τµAB −
1
2τµ
CτABC
)
, (66a)
Ωµ = ǫ
A′B′
(
−EµA′B′ +
1
2Eµ
C′EA′B′C′ +
1
2τµ
AΩA′AB′
)
, (66b)
Ωµ
AA′ = −Eµ
AA′ + EµB′E
AA′B′ +mµ
A′A + τµBm
AA′B , (66c)
nµ = ǫ
AB
(
mµAB −
1
2τµ
CmABC −
1
2Eµ
A′EABA′
)
. (66d)
where we have used the definitions eq. (37). The transformations of these dependent gauge fields
are identical to the ones given in eq. (13) before imposing the curvature constraints, except for an
additional longitudinal Lorentz curvature term in the transformation of the nµ gauge-field under a
gauge transformation with parameter σA [10]. This is due to the fact that the additional constraint
Rµν
A(Z) = 0 that we impose is not invariant under σA-transformations, but instead transform into a
longitudinal Lorentz curvature term. The explicit form of this term will not be needed since the gauge
field nµ does not occur in the nonrelativistic action eq. (22).
B Extended p-Brane Newton-Cartan Algebras
We consider generalizations of the ESNC algebra eq. (7) to p-branes in p + 3 dimensions. Take an
index A (A = 0, 1, · · · , p) longitudinal to the brane and an index A′ (A′ = p + 1, p+ 2) transverse to
17To compare with [10], one should use the following dictionary:
Ωµ
AB
→ ǫABΣµ , Ωµ
A′B′
→ ǫA
′B′Ωµ , nµ
ab
→ −ǫABnµ . (65)
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the brane. The extended p-brane Newton-Cartan algebra consists of the generators,
longitudinal translations HA
transverse translations PA′
longitudinal Lorentz transformations MAB
string Galilei boosts GAA′
spatial rotations J
non-central extensions ZA and ZAB
central extension S
among whom all non-zero commutators are given by 18
[HA ,MBC ] = −ηABHC + ηACHB , [HA , GBA′ ] = ηABPA′ , (67a)
[PA′ , J ] = ǫA′
B′PB′ , [GAA′ ,MBC ] = −ηABGCA′ + ηACGBA′ , (67b)
[GAA′ J ] = ǫA′
B′GAB′ , (67c)
[MAB ,MCD] = ηACMBD − ηBCMAD − ηADMBC + ηBDMAC , (67d)
and
[GAA′ , PB′ ] = δA′B′ZA , [GAA′ , GBB′ ] = δA′B′ZAB + ǫA′B′ηABS , (67e)
[ZA ,MBC ] = −ηABZC + ηACZB , [HA , ZBC ] = −ηABZC + ηACZB , (67f)
[MAB , ZCD] = ηACZBD − ηBCZAD − ηADZBC + ηBDZAC . (67g)
We will leave the explicit construction of an action for extended p-brane NC gravity in p+3 dimensions
that realizes the extended p-brane NC algebra as the underlying symmetry algebra to future studies.
C Non-existence of a Non-degenerate Symmetric Invariant Bi-
linear Form
Let 〈, 〉 be a symmetric invariant bilinear form for the ESNC algebra. We will demonstrate that 〈, 〉 is
necessarily degenerate because 〈H0, x〉 = 0 for all x in the algebra.
Invariance implies the associativity property 〈[x, y], z〉 = 〈x, [y, z]〉 for all x, y, z in the ESNC
algebra. We will make some judicious choices for x, y and z.
Note that 〈[M,H1], x〉 = −〈H0, x〉. On the other hand, invariance implies 〈[M,H1], x〉 = 〈M, [H1, x]〉.
Therefore, 〈H0, x〉 = 0 if [H1, x] = 0, which is the case for x = H0, H1, P2, P3,M,G02, G03, J, Z0, Z1,
and S. Only three cases remain: x = G12, G13, and Z. For these, we have
〈H0, G12〉 = −〈M,P2〉, 〈H0, G13〉 = −〈M,P3〉, 〈H0, Z〉 = −〈M,Z0〉 . (68)
Now, M commutes with J and so
0 = 〈[M,J ], PA′〉 = 〈M, [J, PA′ ]〉 = −ǫA′
B′〈M,PB′〉. (69)
This implies 〈M,P2〉 = 〈M,P3〉 = 0 and thus, by eq. (68), that 〈H0, G12〉 = 〈H0, G13〉 = 0.
Similarly, M commutes with P3 and so
0 = 〈[M,P3], G03〉 = 〈M, [P3, G03]〉 = −〈M,Z0〉. (70)
From eq. (68), we conclude that 〈H0, Z〉 = 0.
Using similar arguments, one can show that the kernel of any symmetric invariant bilinear form
for the ESNC algebra is in fact spanned by HA, PA′ and ZA.
18See [28] for the p-brane NC algebra in general dimensions, in the absence of the central charge generator S.
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